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Abstract

In this paper, inverse systems of intuitionistic fuzzy soft topological spaces are de-
fined. The existence and uniqueness of the inverse limit of such system are proved. It
is shown that the inverse limit is a functor and that injective surjective morphisms are
preserved.
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1. Introduction

Soft set theory was first introduced by Molodtsov [14] in 1999 as a new mathematical
tool for handling uncertainty and vagueness. This concept has found many applications in
decision making, medical diagnosis, and engineering.

To deal with hesitation and indeterminacy more effectively, intuitionistic fuzzy sets were
combined with soft sets. Intuitionistic fuzzy sets, originally proposed by Atanassov [1], assign
both membership and non-membership degrees to elements. The resulting intuitionistic
fuzzy soft sets provide a powerful framework for modeling uncertain objects.

Topological structures on intuitionistic fuzzy soft sets were systematically introduced
by Bayramov and Gunduz [3]. They defined the basic concepts of intuitionistic fuzzy soft
topological spaces, including open and closed sets and continuous mappings. Subsequent
studies have explored various properties of these spaces such as compactness, connectedness,
and separation axioms [4, 15].

Inverse systems and their limits are fundamental tools in mathematics. They have been
studied in ordinary topology as well as in fuzzy and soft topological spaces [11]. In particular,
some authors have investigated inverse and direct systems in the category of soft topological
spaces and fuzzy soft topological spaces.

However, a systematic study of inverse systems in the category of intuitionistic fuzzy
topological spaces of soft sets has not yet been carried out. In this paper, we introduce the
concept of inverse systems in this category. We prove that every inverse system has a limit,
and this limit is unique. We also show that the inverse limit is a functor and that injective
surjective morphisms are preserved. Moreover, we prove that if each space in the inverse
system is soft strong Hausdorff and soft strong compact, then the inverse limit space is also
a soft strong compact space.

These results extend the existing theory of intuitionistic fuzzy soft topological spaces and
provide new categorical tools for studying families of uncertain topological structures.
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2. Preliminaries

In this section, we will give some preliminary information for the present study.

Definition 2.1. [14] Let X be an initial universe, E be a set of all parameters and P (X)
denotes the power set of X. By A we will denote a subset of E, i.e. A ⊂ E. A pair (F, A)
is called a soft set over X, where F is a mapping given by F : A→ P (X).

In other words, soft set is a parameterized family of subsets of the set X. For e ∈ A,
F (e) may be considered as the set of e−elements of the soft set (F, A) i.e.,

(F, A) = {(e, F (e)) : e ∈ A ⊆ E, F : A→ P (X)} .

Let SS (XE) denotes family of soft sets over X.

Definition 2.2. [6] A mappings (τ, τ ∗) : SS (X,E)→ [0, 1] is called an intuitionistic fuzzy
topology on X if the following conditions are hold:

a) τ (F,E) + τ ∗ (F,E) ≤ 1;∀ (F,E) ∈ SS (X,E);
b) τ (Φ) = τ

(
X̃
)
= 1, τ ∗ (Φ) = τ ∗

(
X̃
)
= 0

c) τ
(
(F,E)

⋂̃
(G,E)

)
≥ τ (F,E)∧τ (G,E) ,τ ∗

(
(F,E)

⋂̃
(G,E)

)
≤ τ ∗ (F,E)∨τ ∗ (G,E),

∀ (F,E) , (G,E) ∈ SS (X,E)

d) τ

(⋃
i∈∆

(Fi, E)

)
≥ ∧

i∈∆
τ (Fi, E) , τ

∗
(⋃
i∈∆

(Fi, E)

)
≤ ∨

i∈∆
τ ∗ (Fi, E) for the family

∀ {(Fi, E)}i∈∆.

The quadruple (X,E, τ, τ ∗) is called intuitionistic fuzzy topological spaces of soft sets.The
intuitionistic fuzzy topological space (X,E, τ, τ ∗) is denoted by IFTS.

Definition 2.3. [4] Let (X,E, τ, τ ∗), (Y,E ′, σ, σ∗) be two intuitionistic fuzzy soft topo-
logical spaces and (f, φ) : (X,E, τ, τ ∗) →

(
Y,E

′
, σ, σ∗

)
be a mapping. Then (f, φ) is

called a continuous mapping at the soft point xe ∈ (X,E) if for each arbitrary soft set
(f, φ) (xe) = (f (x))φ(e) ∈

(
G,E

′) ∈ SS (Y,E ′), there exists (F,E) ∈ SS (X,E) such that
xe ∈ (X,E), τ (F,E) ≥ σ (G,E ′),τ ∗ (F,E) ≤ σ∗ (G,E ′) and (f, φ) |(F,E) ⊂

(
G,E

′). If
(f, φ) is a continuous mapping for each soft point, then (f, φ)is a continuous mapping.

Theorem 2.1. [4](f, φ) : (X,E, τ, τ ∗) →
(
Y,E

′
, σ, σ∗

)
is a continuous mapping if and

only if τ
(
(f, φ)−1

(
G,E

′)) ≥ σ
(
G,E

′), τ ∗ ((f, φ)−1 (G,E ′)) ≤ σ∗
(
G,E

′) are satisfied,
∀
(
G,E

′) ∈ SS (Y,E ′).
Definition 2.4. [6] Let (X,E, τ, τ ∗) be an intuitionistic fuzzy topological space.

(β, β∗) : SS (X,E)→ [0, 1] is called a base of (τ, τ ∗) if the following conditions are holds:
for ∀ (F,E) ∈ SS (X,E)

τ (F,E) = ∨⋃
i∈∆

(Gi,E)=(F,E)
∧
i∈∆

β (Gi, E) ,τ
∗ (F,E) = ∧⋃

i∈∆
(Gi,E)=(F,E)

∨
i∈∆

β∗ (Gi, E) .

3. Inverse Systems of Intuitionistic Fuzzy Topological Spaces of
Soft Sets

Let Λ be a directed set and IFTSS be all intuitionistic fuzzy topological spaces category.
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Definition 3.1. Any functor D : Λop → IFTSS is called the inverse system of intuitionistic
fuzzy topologies and the limit of D is called limit of the inverse system.

Theorem 3.1. Every inverse system has a limit in the category IFTSS and this limit is
unique.

Proof. Inverse system in IFTSS category is defined:

X =
(
{Xα, Eα, τα, τ

∗
α}α∈Λ ,

{
(p, q)α

′

α : (Xα′ , Eα′ , τα′ , τ ∗α′)→ (Xα, Eα, τα, τ
∗
α)
}
α<α′

)
(3.1)

For each r ∈ (0, 1]

X(r) =
(
{Xα, Eα, τ

r
α, τ

∗r
α }α∈Λ ,

{
(p, q)α

′

α : (Xα′ , Eα′ , τ rα′ , τ ∗rα′ )→ (Xα, Eα, τ
r
α, τ

∗r
α )
}
α<α′

)
(3.2)

is inverse system of soft bitopological spaces.
Thus we obtain two inverse systems of soft topological spaces as follows:(

{Xα, Eα, τ
r
α} ,

{
(p, q)α

′

α : (Xα′ , Eα′ , τ rα′)→ (Xα, Eα, τ
r
α)
}
α<α′

)
(3.3)(

{Xα, Eα, τ
∗r
α } ,

{
(p, q)α

′

α : (Xα′ , Eα′ , τ ∗rα′ )→ (Xα, Eα, τ
∗r
α )
}
α<α′

)
(3.4)

The inverse systems (3.3) and (3.4) consists of the following two systems of sets(
{Xα}α∈Λ ,

{
pα

′

α : Xα′ → Xα

}
α<α′

)
(3.5)(

{Eα}α∈Λ ,
{
qα

′

α : Eα′ → Eα

}
α<α′

)
. (3.6)

Inverse systems (3.3) and (3.4) have a limit in soft topological spaces category and this
limit is denoted as

(
lim←−Xα, lim←−Eα, τ

r
)
,
(
lim←−Xα, lim←−Eα, τ

∗r
)
. There the topology τ r (τ ∗r)

is a restriction to a subspace Y = lim←−Xα of product topology
∏
α∈Λ

τ rα

(∏
α∈Λ

τ ∗rα

)
. Since for

each α ∈ Λ τ rα ⊂ τ ∗rα ,
∏
α∈Λ

τ rα ⊂
∏
α∈Λ

τ ∗rα is obtained. It follows that τ r ⊂ τ ∗r. Hence soft

bitopological space
(
lim←−Xα, lim←−Eα, τ

r, τ ∗r
)

is inverse limit of inverse system (3.2).

If r > r′ ∈ I0 , then for each α ∈ Λ, τ rα ⊂ τ r
′
α , τ

∗r
α ⊂ τ ∗r

′
α . Then∏

α

τ rα ⊂
∏
α

τ r
′
α ,
∏
α

τ ∗rα ⊂
∏
α

τ ∗r
′

α . Thus τ r ⊂ τ r
′ , τ ∗r ⊂ τ ∗r

′ .

Hence {(τ r, τ ∗r)}r∈I0 is a descending family of soft bitopologies on lim←−Xα. Then by using
the family {(τ r, τ ∗r)}r∈I0 , gradation of openness τ : lim←−Xα → I, τ ∗ : lim←−Xα → I are defined

τ
(
Flim←−Eα

)
= ∨

{
r ∈ I0 : Flim←−Eα ∈ τ r

}
, τ ∗
(
Flim←−Eα

)
= ∧

{
1− r : Flim←−Eα ∈ τ ∗r

}
It follows that τ ⊂ τ ∗.

Let {
(Pα, Qα) :

(
lim←−Xα, lim←−Eα, τα, τ

∗
α

)
→ (Xα, Eα, τα, τ

∗
α)
}
α∈Λ

(3.7)

be a family of projections maps. Since

(Pα, Qα) :
(
lim←−Xα, lim←−Eα, τ

r
α, τ

∗r
α

)
→ (Xα, Eα, τ

r
α, τ

∗r
α )
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is continuous mapping of soft bitopological spaces for each r ∈ I0, (3.7) is a family continuous
of category IFTSS.

Now, let us show that the family
(
lim←−Xα, lim←−Eα, τ, τ

∗
)

is a unique limit of the inverse
system (3.1).

It suffices to show that for every IFTSS (Z,E, σ, σ∗) and family of continuous map-
ping {(pα, qα) : (Z,E, σ, σ∗)→ (Xα, Eα, τα, τ

∗
α)}α∈Λ which satisfies the condition (pα, qα) =(

pα
′
α , q

α′
α

)
◦ (pα′ , qα′), ∀α < α′, there exists a unique continuous mapping

(φ, ψ) : (Z,E, σ, σ∗)→
(
lim←−Xα, lim←−Eα, τ, τ

∗
)

which satisfies the condition (Pα, Qα) ◦ (φ, ψ) = (pα, qα).
For each r ∈ I0 {(pα, qα) : (Z,E, σr, σ∗r)→ (Xα, Eα, τ

r
α, τ

∗r
α )}α∈Λ is a family of continu-

ous mappings of soft bitopological spaces. Since the inverse systems (3.3) and (3.4) have
limits in the category of soft topological spaces, there exists a unique continuous mapping
(φ, ψ) : (Z,E, σr, σ∗r)→

(
lim←−Xα, lim←−Eα, τ

r, τ ∗r
)

which makes up the following commutative
diagram:

The mapping (φ, ψ) is continuous mapping for each r ∈ I0.Hence

(φ, ψ) : (Z,E, σ, σ∗)→
(
lim←−Xα, lim←−Eα, τ, τ

∗
)

is a continuous mapping in category IFTSS and it is unique.
Now let us show that the operation of inverse limit is a functor in the category of IFTSS.
For this, we define limit of morphism of inverse systems. Let(

f, g
)
=
(
φ : Λ̄→ Λ,

{
(fα, gα) : Xφ(ᾱ) → Yᾱ

}
ᾱ∈Λ̄

)
be a morphism from the inverse system (3.1) to inverse system

Y =
({
Yᾱ, Ēᾱ, τ̄ᾱ, τ̄

∗
ᾱ

}
α∈Λ ,

{
(p, q)ᾱ

′

ᾱ :
(
Yᾱ′ , Ēᾱ′ , τ̄ᾱ′ , τ̄ ∗ᾱ′

)
→
(
Yᾱ, Ēᾱ, τ̄ᾱ, τ̄

∗
ᾱ

)}
ᾱ<ᾱ′

)
in the category of IFTSS.

For each r ∈ I0(
f r, gr

)
=
(
φ : Λ̄→ Λ,

{
(fᾱ, gᾱ) :

(
Xφ(ᾱ), Eφ(ᾱ), τ

r
φ(ᾱ), τ

∗r
φ(ᾱ)

)
→
(
Yᾱ, Ēᾱ, τ̄

r
ᾱ, τ̄

∗r
ᾱ

)}
ᾱ∈Λ̄

)
is a morphism of inverse system of soft bitopological spaces.This morphism induces contin-
uous mappings of inverse limit spaces as

lim←−
(
f r, gr

)
:
(
lim←− (Xα, Eα, τ

r
α)→ lim←−

(
Yᾱ, Ēᾱ, τ̄

r
ᾱ

))
18
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lim←−
(
f r, gr

)
:
(
lim←− (Xα, Eα, τ

∗r
α )→ lim←−

(
Yᾱ, Ēᾱ, τ̄

∗r
ᾱ

))
in the category of soft topological spaces. Hence for each r ∈ I0 lim←−

(
f r, gr

)
is continuous

mapping of soft bitopological spaces. Thus

lim←−
(
f, g
)
:
(
lim←− (Xα, Eα, τα, τ

∗
α)→ lim←−

(
Yᾱ, Ēᾱ, τ̄

r
ᾱ, τ̄

∗r
ᾱ

))
is a continuous mapping of IFTSS.

Inverse systems and their morphisms construct a category in IFTSS. This category is
denoted as Inv(IFTSS).

Limit of inverse system (3.1) denoted as (X,E, τ, τ ∗).
For each α ∈ Λ (πα, qα) : (X,E, τ, τ

∗)→ (Xα, Eα, τα, τ
∗
α) projection mapping are contin-

uous and

diagram is commutative.

Theorem 3.2. lim←− : Inv(IFTSS)→ IFTSS is a functor.

Lemma 3.1. If (β, β∗) is a base of (X,E, τ, τ ∗) IFTSS, then for ∀r ∈ Io, (βr, β∗r) is base
of (X,E, τ r, τ ∗r) soft bitopology space.

Theorem 3.3. Let (X,E, τ, τ ∗) = lim←−
α

(Xα, Eα, τα, τ
∗
α), then family

(β, β∗) =
{
(πα, qα)

−1 (Fα, Eα) , (πα, qα)
−1 (Gα, Eα) |α ∈ Λ, (Fα, Eα) ∈ τα, (Gα,Eα) ∈ τ ∗α

}
is base of soft topologies (τ, τ ∗).

Proof. Since (πα, qα) : (X,E, τ, τ
∗) → (Xα, Eα, τα, τ

∗
α) is a soft continuous mapping for

all α ∈ Λ, the sets of (βr, β∗r) are soft open sets, for each ∀r ∈ Io. If suffices to show that for
every soft open (H,E) ∈ (X,E, τ r, τ ∗r) and every soft point xe ∈ (H,E), there exist α0 ∈ Λ
and

(Fα0 , Eα0) ∈ τ rα0
, (Gα0 , Eα0) ∈ τ ∗rα0

such that

xe ∈ (πα0 , qα0)
−1 (Fα0 , Eα0) ⊂ (H,E) , xe ∈ (πα0 , qα0)

−1 (Gα0 , Eα0) ⊂ (H,E) .

Let (H,E) be an arbitrary soft open set in (X,E, τ r, τ ∗r) and xe =
{
xαeα
}
∈ (H,E). By

the definition of soft subspace, there exists a soft open set (P,E) ∈
∏

(Xα, Eα, τ
r
α, τ

∗r
α ) such

that (H,E) = (X,E, τ r, τ ∗r)
⋂

(P,E). Thus, we have α1, α2, ..., αk ∈ Λ and (Fαi
, Eαi

) ∈
τ rαi
, (Gαi

, Eαi
) ∈ τ ∗rαi

such that

xe ∈ (pα1 , qα1)
−1 (Fα1 , Eα1)

⋂
...
⋂
(pαk

, qαk
)−1 (Fαk

, Eαk
) ∈ (H,E) ,

xe ∈ (pα1 , qα1)
−1 (Gα1 , Eα1)

⋂
...
⋂
(pαk

, qαk
)−1 (Gαk

, Eαk
) ∈ (H,E) .
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Since Λ is a directed set, there exists a α0 ∈ Λ such that α0 ≻ α1, ..., α0 ≻ αk. Also,
since

(
pα0
αi
, qα0
αi

)
:
(
Xα0 , Eα0 , τ

r
α0
, τ ∗rα0

)
→
(
Xαi

, Eαi
, τ rαi

, τ ∗rαi

)
are soft continuous mappings for

all 1 ≤ i ≤ k,

k⋂
i=1

(
pα0
αi
, qα0
αi

)−1
(Fαi

, Eαi
) = (Fα0 , Eα0) ,

k⋂
i=1

(
pα0
αi
, qα0
αi

)−1
(Gαi

, Eαi
) = (Gα0 , Eα0)

are soft open sets in
(
Xα0 , Eα0 , τ

r
α0
, τ ∗rα0

)
.

Since (
pα0
αi
, qα0
αi

) (
xα0
eα0

)
= xαi

eαi
, xα0

eα0
∈ (Fα0 , Eα0) , x

α0
eα0
∈ (Gα0 , Eα0)

and
xe ∈ (πα0 , qα0)

−1 (Fα0 , Eα0) , xe ∈ (πα0 , qα0)
−1 (Gα0 , Eα0) ,

we have
(πα0 , qα0)

−1 (pα0
αi
, qα0
αi

)−1
(Fαi

, Eαi
) = (παi

, qαi
)−1 (Fαi

, Eαi
) =

=
∏

(Xα, Eα, τ
r
α, τ

∗r
α )
⋂
(pαi

, qαi
)−1 (Fαi

, Eαi
) ,

(πα0 , qα0)
−1 (pα0

αi
, qα0
αi

)−1
(Gαi

, Eαi
) = (παi

, qαi
)−1 (Gαi

, Eαi
) =

=
∏

(Xα, Eα, τ
r
α, τ

∗r
α )
⋂
(pαi

, qαi
)−1 (Gαi

, Eαi
) .

Consequently, we obtain

xe ∈ (πα0 , qα0)
−1 (Fα0 , Eα0) = (πα0 , qα0)

−1
(

k⋂
i=1

(
pα0
αi
, qα0
αi

)−1
(Fαi

, Eαi
)

)
=

=
k⋂
i=1

(∏
(Xα, Eα, τ

r
α, τ

∗r
α )
⋂

(pαi
, qαi

)−1 (Fαi
, Eαi

)
)
=

=
∏

(Xα, Eα, τ
r
α, τ

∗r
α )
⋂( k⋂

i=1

(pαi
, qαi

)−1 (Fαi
, Eαi

)

)
⊂∏

(Xα, Eα, τ
r
α, τ

∗r
α )
⋂

(P,E) = (H,E) .

Definition 3.2. a) (f, φ) : (X,E, τ, τ ∗)→
(
Y,E

′
, σ, σ∗

)
is open, if for ∀ (F,E) ∈ SS (X,E)

τ (F,E) ≤ σ ((f, φ) (F,E)) , τ ∗ (F,E) ≥ σ∗ ((f, φ) (F,E))

b) (f, φ) : (X,E, τ, τ ∗)→
(
Y,E

′
, σ, σ∗

)
is closed, if for ∀ (F,E) ∈ SS (X,E)

τ (F,E)c ≤ σ ((f, φ) (F,E))c , τ ∗ (F,E)c ≥ σ∗ ((f, φ) (F,E))c

Lemma 3.2. Let (f, φ) : (X,E, τ, τ ∗)→
(
Y,E

′
, σ, σ∗

)
be a mapping in the IFTS category.

a) (f, φ) is an open mapping if and only if (f, φ) : (X,E, τ r, τ ∗r)→
(
Y,E

′
, σr, σ∗r

)
is an

open mapping in soft topology spaces for each r ∈ I0 .
b) (f, φ) is a closed mapping if and only if (f, φ) : (X,E, τ r, τ ∗r) →

(
Y,E

′
, σr, σ∗r

)
is a

closed mapping in soft topology spaces for each r ∈ I0 .

Proof. a) Suppose (f, φ) : (X,E, τ, τ ∗) →
(
Y,E

′
, σ, σ∗

)
is an open mapping. Then for

each (F,E) ∈ (X,E), τ (F,E) ≤ σ (f (F,E)) and τ ∗ (F,E) ≥ σ∗ (f (F,E)). Let us show
that (f, φ) : (X,E, τ r) →

(
Y,E

′
, σr
)

and (f, φ) : (X,E, τ ∗r) →
(
Y,E

′
, σ∗r

)
are open for

each r ∈ I0. For each (G,E) ∈ τ r, τ (G,E) ≥ r. We have σ (f (G,E)) ≥ τ (G,E) ≥ r, i.e.,
f (G,E) ∈ σr. For each (G,E) ∈ τ ∗r, τ ∗ (G,E) ≤ 1 − r. Then σ∗ (f (G,E)) ≤ τ ∗ (G,E) ≤
1− r, i.e., f (G,E) ∈ σ∗r.
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Conversely, assume the condition holds. Let us take arbitrary set (F,E) ∈ (X,E). If
τ (F,E) = 0, then σ (f (F,E)) ≥ 0, i.e., σ (f (F,E)) ≥ τ (F,E). Similarly, if τ ∗ (F,E) = 1,
then σ∗ (f (F,E)) ≤ 1, i.e., σ∗ (f (F,E)) ≤ τ ∗ (F,E). This implies that (f, φ) is an open
mapping.

Let τ (F,E) = r0 > 0 and τ ∗ (F,E) = r1 < 1, then (F,E) ∈ τ r0 and (F,E) ∈ τ ∗(1−r1).
Since (f, φ) : (X,E, τ r0) → (Y,E ′, σr0) and (f, φ) :

(
X,E, τ ∗(1−r1)

)
→
(
Y,E ′, σ∗(1−r1)

)
are

open mappings, f (F,E) ∈ σr0 and f (F,E) ∈ σ∗(1−r1), hence σ (f (F,E)) ≥ r0 = τ (F,E),
σ∗ (f (F,E)) ≤ 1− (1− r1) = r1 = τ ∗ (F,E) i.e., (f, φ) is an open mapping.

b)Let (f, φ) : (X,E, τ, τ ∗) →
(
Y,E

′
, σ, σ∗

)
be a closed mapping. Then for each

(F,E) ∈ (X,E), τ (1− (F,E)) ≤ σ (1− f (F,E)) and τ ∗ (1− (F,E)) ≥ σ∗ (1− f (F,E))
are satisfied. Now let us show that (f, φ) : (X,E, τ r, τ ∗r) →

(
Y,E

′
, σr, σ∗r

)
is closed in

the soft topological spaces for each r ∈ I0. For arbitrary two closed sets F ∈ (τ r)
′

and
F ∗ ∈ (τ ∗r)

′
, τ (1− F ) ≥ r and τ ∗ (1− F ∗) ≤ 1 − r. To complete the proof, we only need

to check if 1 − f (F ) ∈ σr and 1 − f (F ∗) ∈ σ∗r. Since σ (1− f (F )) ≥ τ (1− F ) ≥ r,
σ∗ (1− f (F ∗)) ≤ τ ∗ (1− F ∗) ≤ 1− r f (F ) ∈ (σr)

′
and f (F ∗) ∈ (σ∗r)

′
i.e., (f, φ) is a closed

mapping of soft topological spaces.
Conversely, let (f, φ) : (X,E, τ r, τ ∗r) →

(
Y,E

′
, σr, σ∗r

)
be closed mapping of soft topo-

logical spaces for each r ∈ I0. Let (F,E) ∈ (X,E) be arbitrary set. If τ (1− (F,E)) = r0
and τ ∗ (1− (F,E)) = r1, then since (f, φ) : (X,E, τ r0) → (Y,E ′, σr0) and (f, φ) :(
X,E, τ ∗(1−r1)

)
→
(
Y,E ′, σ∗(1−r1)

)
are closed mappings, 1−f (F,E) ∈ σr0 and 1−f (F,E) ∈

σ∗(1−r1). Then σ (1− f (F,E)) ≥ r0 = τ (1− (F,E)), σ∗ (1− f (F,E)) ≤ 1−(1− r1) = r1 =
τ ∗ (1− (F,E)) i.e., (f, φ) is a closed mapping.

Lemma 3.3. If (f, φ) : (X,E, τ, τ ∗) →
(
Y,E

′
, σ, σ∗

)
be an injective (surjective) mapping

in IFTS category, then (f, φ) : (X,E, τ r, τ ∗r) →
(
Y,E

′
, σr, σ∗r

)
is an injective (surjective)

mapping for each r ∈ I0.

Theorem 3.4. Let

F =
{
℘ : Λ′ → Λ,

{
(hβ.νβ) : X℘(β) → Yβ

}
β∈Λ′

}
(3.8)

be a morphism of inverse systems in IFTS category. If (hβ, νβ) is an injective (surjective)
mapping for each ∀β ∈ Λ′, then lim←−F̄ : lim←−X → lim←−Y is also an injective (surjective)
mapping.

Proof. For each r ∈ I0,

F r =
{
℘ : Λ′ → Λ,

{
(hβ.νβ)

r :
(
X℘(β), E, τ

r
℘(β), τ

∗r
℘(β)

)
→
(
Yβ, E

′, σrβ, σ
∗r
β

)}
β∈Λ′

}
is a morphism of inverse systems of intuitionistic soft bitopological spaces. Since (hβ, νβ)

r is
injective (surjective) mapping for each ∀β ∈ Λ′, lim←−F̄

r is injective (surjective) intuitionistic
soft continuous mapping from [11, Theorem 2.1, Theorem 2.4]. Then lim←−F̄ : lim←−X → lim←−Y
is injective (surjective) mapping.

Theorem 3.5. If inverse system in (3.1),
(
pα

′
α , q

α′
α

)
is an injective (surjective) mapping for

all α ∈ Λ, then (πα, qα) : (X,E, τ, τ
∗)→ (Xα, Eα, τα, τ

∗
α) is an injective (surjective) mapping.

Proof. For the soft points xe =
{
xαeα
}
̸= ye′ =

{
yαe′α

}
∈ (X,E, τ, τ ∗), let (πα1 , qα1) (xe) =

(πα1 , qα1) (ye′). For α′ ≻ α1, since
(
pα

′
α1
, qα

′
α1

)
: (Xα′ , Eα′ , τα′ , τ ∗α′) →

(
Xα1 , Eα1 , τα1 , τ

∗
α1

)
is an
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injective mapping and
(
pα

′
α1
, qα

′
α1

) (
xα

′
eα′

)
= xα1

eα1
= yα1

e′α1
=
(
pα

′
α1
, qα

′
α1

) (
yα

′

e′
α′

)
, we have xα′

eα′ =

yα
′

e′
α′

. For an arbitrary α ∈ Λ, since Λ is a directed set, there exists α′′ ∈ Λ such that
α′′ ≻ α, α′′ ≻ α1 for all α, α1 ∈ Λ. Then xα1

eα1
= yα1

e′α1
implies that xα′′

eα′′ = yα
′′

e′
α′′

. Hence

xαeα =
(
pα

′′
α , q

α′′
α

) (
xα

′′
eα′′

)
=
(
pα

′′
α , q

α′′
α

) (
yα

′′

e′
α′′

)
= yαe′α is satisfied, i.e. xe = ye′

Now we want to show that the soft mapping (πα1 , qα1) : (X,E, τ, τ ∗) →(
Xα1 , Eα1 , τα1 , τ

∗
α1

)
is a surjective soft mapping. Let xα1

eα1
∈
(
Xα1 , Eα1 , τα1 , τ

∗
α1

)
be an ar-

bitrary soft point. For α′ ≻ α1, we take xα
′
eα′ =

(
pα

′
α1
, qα

′
α1

)−1 (
xα1
eα1

)
. Then there ex-

ists α′ ∈ Λ such that α′ ≻ α and α′ ≻ α1 for all α ∈ Λ. Hence we obtain soft
point xαeα =

(
pα

′
α , q

α′
α

) (
xα

′
eα′

)
=
(
pα

′
α , q

α′
α

) (
pα

′
α1
, qα

′
α1

)−1 (
xα1
eα1

)
. Now we want to show that

xe =
{
xαeα
}
∈ (X,E, τ, τ ∗). We choose α′, α̃′ such that α′ ≻ α, α′ ≻ α1 and α̃′ ≻ α, α̃′ ≻ α1

for all α̃ ≻ α. Thus,

xαeα =
(
pα

′
α , q

α′
α

) (
xα

′
eα′

)
=
(
pα

′
α , q

α′
α

) ((
pα

′
α1
, qα

′
α1

)−1 (
xα1
eα1

))
,

xα̃eα̃ =
(
pα̃

′
α̃ , q

α̃′
α̃

) (
xα̃

′
eα̃′

)
=
(
pα̃

′
α̃ , q

α̃′
α̃

) ((
pα̃

′
α1
, qα̃

′
α1

)−1 (
xα1
eα1

))
.

Now we take α′′ ∈ Λ such that α′′ ≻ α′, α′′ ≻ α̃′. Then

xα1
eα1

=
(
pα

′′

α1
, qα

′′

α1

)(
xα

′′

eα′′

)
=
(
pα

′

α1
, qα

′

α1

)(
pα

′′

α1
, qα

′′

α1

)(
xα

′′

eα′′

)
=
(
pα̃

′

α1
, qα̃

′

α1

)(
pα

′′

α̃′ , qα
′′

α̃′

)(
xα

′′

eα′′

)
and

xα1
eα1

=
(
pα

′

α1
, qα

′

α1

)(
xα

′

eα′

)
=
(
pα̃

′

α1
, qα̃

′

α1

)(
xα̃

′

eα̃′

)
.

Since the soft mappings
(
pα

′
α1
, qα

′
α1

)
,
(
pα̃

′
α1
, qα̃

′
α1

)
are bijective mappings,

(
pα

′′
α1
, qα

′′
α1

) (
xα

′′
eα′′

)
=

xα
′
eα′ and

(
pα

′′

α̃′ , qα
′′

α̃′

) (
xα

′′
eα′′

)
=
(
xα̃

′
eα̃′

)
are obtained. Thus,(

pα
′′

α , q
α′′

α

)(
xα

′′

eα′′

)
=
(
pα

′

α , q
α′

α

)(
pα

′′

α′ , qα
′′

α′

)(
xα

′′

eα′′

)
= xαeα ,(

pα
′′

α̃ , q
α′′

α̃

)(
xα

′′

eα′′

)
=
(
pα̃

′

α̃ , q
α̃′

α̃

)(
pα

′′

α̃′ , qα
′′

α̃′

)(
xα

′′

eα′′

)
= xα̃eα̃ .

Hence
(
pα̃α, q

α̃
α

) (
xα̃eα̃
)
=
(
pα

′′
α , q

α′′
α

) (
xα

′′
eα′′

)
= xα is obtained. Thus xe =

{
xαeα
}
∈ (X,E, τ, τ ∗)

and (πα1 , qα1) (xe) = xα1
eα1

.

Corollary 3.1. If in (3.1),
(
pα

′
α , q

α′
α

)
: (Xα′ , Eα′ , τα′ , τ ∗α′) → (Xα, Eα, τα, τ

∗
α) is a homeomor-

phism for all α ∈ Λ, then (πα, qα) : (X,E, τ, τ
∗)→ (Xα, Eα, τα, τ

∗
α) is a homeomorphism.

Proof. By Theorem 3.5, (πα, qα) is a bijective and a soft continuous mapping. From
theorem 3.3, the family{

(πα, qα)
−1 (Fα, Eα) , (πα, qα)

−1 (Gα, Eα) |α ∈ Λ, (Fα, Eα) ∈ τ, (Gα,Eα) ∈ τ ∗
}

is a base of soft topology of (X,E, τ, τ ∗). Then since (πα, qα)
(
(πα, qα)

−1 (Fα, Eα)
)

=

(Fα, Eα) , (πα, qα)
(
(πα, qα)

−1 (Gα, Eα)
)
= (Gα, Eα), (πα, qα) is a soft open mapping, (πα, qα)

is a soft homeomorphism.
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Definition 3.3. Let (X,E, τ, τ ∗) be an IFTS. The space (X,E, τ, τ ∗) is called strong
Hausdorff space if and only if for soft points xe ̸= ye′ and for each r ∈ I0 there exist soft sets
(F,E) , (G,E) ∈ SS (X,E) such that xe ∈ (F,E) , ye′ ∈ (G,E) (F,E)

⋂
(G,E) = ∅ and

τ (F,E) , τ (G,E) ≥ r; τ ∗ (F,E) , τ ∗ (G,E) ≤ 1− r.
It is clear that if (X,E, τ, τ ∗) is strong Hausdorff space, then for each r ∈ I0 (X,E, τ r, τ ∗r)

soft bitopological space is Hausdorff space.

Definition 3.4. a) Let (X,E, τ, τ ∗) be IFTS and (G,E) ∈ (X,E) be a soft set. (G,E) is
said to be smooth compact space if for each family of soft sets

(U,E) ∈ {(F,E) : τ (F,E) > 0, or τ ∗ (F,E) < 1}

which satisfies the condition

∧
xe∈(X,E)

(
(G′, E) (xe) ∨ ∨

(F,E)∈(U,E)
(F,E) (xe)

)
> p ∀p ∈ I1,

there exists a finite subfamily (H,E) of (U,E) such that

∧
xe∈(X,E)

(
(G′, E) (xe) ∨ ∨

(F,E)∈(H,E)
(F,E) (xe)

)
> p.

If (G,E) = 1, then the space (X,E, τ, τ ∗) is called smooth compact space.
b) If (G,E) is soft compact space in (X,E, τ r, τ ∗r) for each r ∈ I0, then (G,E) ∈ (X,E)

is said to be strong smooth compact space.

Lemma 3.4. If the soft set (G,E) is smooth compact in IFTS (X,E, τ, τ ∗), then the soft
set (G,E) is soft compact space in the soft topological space (X,E, τ r) and (X,E, τ ∗r) for
each r ∈ I0.

Proof. Let the soft set (G,E) be smooth compact in (X,E, τ, τ ∗). For each r ∈ I0, let
us consider (U,E) = {(F,E)} which are strong p-shading soft sets of (G,E) in (X,E, τ ∗r)

for ∀p ∈ I1, i.e., the following condition ∧
xe∈(X,E)

(
(G′, E) (xe) ∨ ∨

(F,E)∈(U,E)
(F,E) (xe)

)
> p

is satisfied. Since (U,E) = {(F,E)} is a family of soft open sets, τ ∗ (F,E) ≤ 1− r for each
(F,E) ∈ (U,E). Since r > 0, τ ∗ (F,E) < 1 or τ (F,E) > 0 are satisfied. Then by using
definition of smooth compact, it can be found a finite subfamily (H,E) of (U,E) such that

∧
xe∈(X,E)

(
(G′, E) (xe) ∨ ∨

(F,E)∈(H,E)
(F,E) (xe)

)
> p, i.e., (H,E) is strong p-shading of soft

sets (G,E). Hence from [16], the soft set (G,E) is soft compact in the soft space (X,E, τ ∗r).
Since τ r ⊂ τ ∗r, the soft set (G,E) is soft compact in the soft space (X,E, τ r), too.

Theorem 3.6. If the inverse system

X =
(
{Xα, Eα, τα, τ

∗
α}α∈Λ ,

{
(p, q)α

′

α : (Xα′ , Eα′ , τα′ , τ ∗α′)→ (Xα, Eα, τα, τ
∗
α)
}
α<α′

)
is smooth compact, strong Hausdorff in the category of IFTS and soft topologies (τ rα, τ

∗r
α )

are given by sup p, for each α ∈ Λ, r ∈ I0, then lim←− (Xα, Eα, τα, τ
∗
α) is strong smooth compact

space.

Proof. From Definition 3.3, Definition 3.4 and Lemma 3.4, (Xr
α, E

r
α, τ

r
α, τ

∗r
α ) is in-

verse system of soft compact Hausdorff space for each r ∈ I0. From [7] Theorem 3.17,
lim←− (Xr

α, E
r
α, τ

r
α, τ

∗r
α ) is a soft compact space. Since lim←− (Xr

α, E
r
α, τ

r
α, τ

∗r
α ) is soft compact space

for each r ∈ I0, lim←− (Xα, Eα, τα, τ
∗
α) is strong smooth compact space in the category of IFTS.
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4. Conclusion

In this paper, inverse systems in intuitionistic fuzzy soft topological spaces are introduced
and studied. It is proved that every inverse system has a unique limit, and the inverse limit
is a functor preserving injective and surjective morphisms. Moreover, the properties of soft
strong Hausdorffness and soft strong compactness are preserved under inverse limits.

These results extend the existing theory and provide new tools for studying uncertain
topological structures.

5. Acknowledgments

The authors would like to thank the anonymous reviewers for their valuable comments and
constructive suggestions that helped to improve the quality of this paper. The authors are
also grateful to all readers who take the time to read and engage with this work.

References

[1] K.T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20 (1986), 87–96.

[2] S. Bayramov, C. Gunduz, Soft locally compact spaces and soft paracompact spaces, J.
Math. System Sci., 3 2013), 122–130.

[3] S. Bayramov, C. Gunduz (Aras), On intuitionistic fuzzy soft topological spaces, TWMS
J. Pure Appl. Math., 5(1) (2014), 66–79.

[4] S. Bayramov, C. Gunduz, Mappings on intuitionistic fuzzy topology of soft sets, Filomat
35(13) (2021), 4341–4351.

[5] S. Bayramov, C. Gunduz, N. Demirci, A new approach to inverse and direct systems of
soft topological spaces, Maejo International journal of science tecnology, 10(1) (2016),
51–65

[6] S. Bayramov, C. Gunduz, K. Veliyeva, Intuitionistic fuzzy topology on soft sets, Pro-
ceedings of the Institute of Mathematics and Mechanics, National Academy of Sciences
of Azerbaijan, 47(1) (2021), 124–137

[7] C. Gunduz, Inverse and direct systems in intuitionistic fuzzy topological spaces, Pro-
ceedings of the Jangjeon Mathematical Society, 11(2) (2008), 171–189.

[8] B.M. Ittanagi, Soft bitopological spaces, International Journal of Comput. Appl., 107(7)
(2014), 1–4.

[9] A. Kharal, B. Ahmad, Mapping on soft classes, New Math. & Natural Comput., 7(3)
(2011), 471–481.

[10] C. Liang, C. Yan, Base and subbase in intuitionistic I-fuzzy topological spaces, Hacet.
J. Math. Stat., 43(2) (2014), 231–247.

[11] S.-G. Li Inverse limits in category LTop(II), Fuzzy Sets and Systems, 109 (2000), 291–
299.

24



Journal of Modern Mathematical Studies Vol. 2, No. 1, 2026

[12] P.K. Maji, R. Biswas, A.R. Roy, Soft set theory, Comput, Math. Appl., 45 (2003),
555–562.

[13] P.K. Maji, R. Biswas, A.R. Roy, Intuitionistic fuzzy soft sets, J. Fuzzy Math. 9 (2001),
677–692.

[14] D. Molodtsov, Soft set theory-first results, Comput. Math. Appl., 37 (1999), 19–31.

[15] M. Shabir, M. Naz, On soft topological spaces, Comput. Math. Appl., 61 (2011), 1786–
1799.

[16] F.-G. Shi, A new definition of fuzzy compactness, Fuzzy Sets and Systems 158 (2007),
1486–1495.

[17] L.A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338-353.

25


