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1. Introduction

Soft set theory was first introduced by Molodtsov [14] in 1999 as a new mathematical
tool for handling uncertainty and vagueness. This concept has found many applications in
decision making, medical diagnosis, and engineering.

To deal with hesitation and indeterminacy more effectively, intuitionistic fuzzy sets were
combined with soft sets. Intuitionistic fuzzy sets, originally proposed by Atanassov [1], assign
both membership and non-membership degrees to elements. The resulting intuitionistic
fuzzy soft sets provide a powerful framework for modeling uncertain objects.

Topological structures on intuitionistic fuzzy soft sets were systematically introduced
by Bayramov and Gunduz [3]. They defined the basic concepts of intuitionistic fuzzy soft
topological spaces, including open and closed sets and continuous mappings. Subsequent
studies have explored various properties of these spaces such as compactness, connectedness,
and separation axioms [4, 15].

Inverse systems and their limits are fundamental tools in mathematics. They have been
studied in ordinary topology as well as in fuzzy and soft topological spaces [11]. In particular,
some authors have investigated inverse and direct systems in the category of soft topological
spaces and fuzzy soft topological spaces.

However, a systematic study of inverse systems in the category of intuitionistic fuzzy
topological spaces of soft sets has not yet been carried out. In this paper, we introduce the
concept of inverse systems in this category. We prove that every inverse system has a limit,
and this limit is unique. We also show that the inverse limit is a functor and that injective
surjective morphisms are preserved. Moreover, we prove that if each space in the inverse
system is soft strong Hausdorff and soft strong compact, then the inverse limit space is also
a soft strong compact space.

These results extend the existing theory of intuitionistic fuzzy soft topological spaces and
provide new categorical tools for studying families of uncertain topological structures.

*Corresponding author:kemale2607@mail.ru
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2. Preliminaries

In this section, we will give some preliminary information for the present study.

Definition 2.1. [14] Let X be an initial universe, E be a set of all parameters and P(X)
denotes the power set of X. By A we will denote a subset of E, i.e. A C E. A pair (F, A)
is called a soft set over X, where F' is a mapping given by F': A — P (X).

In other words, soft set is a parameterized family of subsets of the set X. For e € A,
F (e) may be considered as the set of e—elements of the soft set (F, A) i.e.,

(F, A)={(e,F(e)):ec ACE, F: A— P(X)}.
Let SS (Xg) denotes family of soft sets over X.

Definition 2.2. [6] A mappings (7,7%) : SS (X, E) — [0, 1] is called an intuitionistic fuzzy
topology on X if the following conditions are hold:

a) 7 (F,E) + 7 (F,E) < 1.V (F,E) € SS (X, E);

b) 7 (®) :T(X) —1, 7 (®) =7 (X) ~0

) (F,E)\(G, E)) = 7(F, E)At (G, E) = ((F,E)(\(G. E)) < 7 (F, E)VT* (G, E),
E).(G,E) e S5 (X,E)
<16A(FZ,E> > zé\AT(E,E) (lg(Fl,E)) < ié/AT* (F;, E) for the family
F“E) 1EA”

The quadruple (X, E, 7, 7%) is called intuitionistic fuzzy topological spaces of soft sets.The
intuitionistic fuzzy topological space (X, E, T, 7*) is denoted by I FT'S.

Definition 2.3. [4] Let (X, E,7,7*), (Y, E',0,0%) be two intuitionistic fuzzy soft topo-
logical spaces and (f,p) : (X,E,7,7%) — (Y, E' o, a*) be a mapping. Then (f,¢) is
called a continuous mapping at the soft point z. € (X, E) if for each arbitrary soft set
(f,0) (xe) = (f (2))ye) € (G,E') € SS(Y,E'), there exists (F, E) € SS (X, E) such that

€ (X,E), 7(F,E) > 0 (G,E"),7* (F,E) < ¢*(G,E') and (f,¢)|(F,E) C (G,E'). If
(f, ) is a continuous mapping for each soft point, then (f, »)is a continuous mapping.

Theorem 2.1. [/)(f,¢) : (X,E,7,7%) — (Y, E' o, 0*) is a continuous mapping if and
only if T ((f, gp)*l (G, E')) > o (G, El), T* ((f, 90)71 (G,E/)) < o* (G, E') are satisfied,
V(G,E) eSS (VE).

Definition 2.4. [6] Let (X, E, 7,7*) be an intuitionistic fuzzy topological space.

(8,B*): SS(X,E) — [0,1] is called a base of (7, 7") if the following conditions are holds:
for V(F,E) € SS (X, E)

T(F,E) = V A B(Gi, E) ™ (F,F) = A vV (G, E) .

U (Gs,BE)=(F,E) ieA U (Gs,BE)=(F,E) ieA
1IEA [ASYAN

3. Inverse Systems of Intuitionistic Fuzzy Topological Spaces of
Soft Sets

Let A be a directed set and IFTSS be all intuitionistic fuzzy topological spaces category.
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Definition 3.1. Any functor D : A — [ F'T'SS is called the inverse system of intuitionistic
fuzzy topologies and the limit of D is called limit of the inverse system.

Theorem 3.1. Every inverse system has a limit in the category IF'T'SS and this limit s
UNLGUE.

Proof. Inverse system in IFTSS category is defined:
X = ({Xar Bas 7o Tobaen» { (0 003+ (Xars B, 7o, 7) = (Xa EQ,TQ,T;)}M,) (3.1)
For each r € (0, 1]
KO (0 o (O B ) ), ) 02

is inverse system of soft bitopological spaces.
Thus we obtain two inverse systems of soft topological spaces as follows:

({Xer B} {003+ (Xars B 70) = (X B ) | ) (3.3)
(1% B 72} {0003+ (Kt Bar, 720) = (Xa B i)} ) (3.4)
a<o
The inverse systems (3.3) and (3.4) consists of the following two systems of sets
({Xa}aeA ) {pg/ : Xo/ — Xa}a<a,) (35)
<{E&}a€/\ ) {qz/ : Ea’ — Ea}a<a,> . (36)

Inverse systems (3.3) and (3.4) have a limit in soft topological spaces category and this

limit is denoted as (@Xa,@Ea,TT), (@Xa,@Ea,T*r). There the topology 7" (7*")

is a restriction to a subspace Y = limX, of product topology [] 74 ( I 7';’"). Since for
a€cl acl
each a € A 7, C 727, [[ 72 C [] 72" is obtained. It follows that 7" C 7*". Hence soft
agh ach

bitopological space (QI_nXa, @Ea, 7", T*’") is inverse limit of inverse system (3.2).
Ifr>re IO , then for each a € A, 77 C 77, 727 C 72"". Then
HT C H : HT*T C HT*T Thus 77 C 7, 7" C 7.
Hence {(7’ T* )}rE JARCE:! descendlng family of soft bitopologies on limX,. Then by using
the family {(7",7*")} gradation of openness 7 : JmX, — I, 7% : imX,, — [ are defined

rely?
g (FiimEa> =V {T €lp: ElmEa SO } (FiimEa) =A {1 —T: FiimEa S T*r}
st lim lim

It follows that 7 C 7*.
Let

{(Pa,Qa) : (@Xa,@Ea,Ta,T;> — (Xa,Ea,Ta,T;>} (3.7)

a€cA
be a family of projections maps. Since

(Pay Qo) ¢ (Hm X, BB, 72,727 ) = (X, oy 75, 727)
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is continuous mapping of soft bitopological spaces for each r € Iy, (3.7) is a family continuous
of category IFTSS.

Now, let us show that the family (@Xa, @EQ,T, T*> is a unique limit of the inverse

system (3.1).

It suffices to show that for every IFTSS (Z,FE,0,0*) and family of continuous map-
ping {(Pasqa) 1 (Z,E,0,0%) = (Xa, Ea, Ta, 74) }ep Which satisfies the condition (pa,qa) =
(pg/, qg/) o (Pors quar), Voo < o, there exists a unique continuous mapping

(p,0) : (Z,E,0,0%) = (@Xml'glEa,T, 7'*)

which satisfies the condition (P,, Q) o (¢, %) = (Pa; da)-
For each 7 € Iy {(pa,qa) : (Z, E,0",0%") = (Xa, Ea, 75, 727) }aea is a family of continu-

oy "o '
ous mappings of soft bitopological spaces. Since the inverse systems (3.3) and (3.4) have

limits in the category of soft topological spaces, there exists a unique continuous mapping
(p, ) : (Z,E,0",0") — (@Xa, @Ea, 7", T*T> which makes up the following commutative
diagram:

The mapping (p, 1)) is continuous mapping for each r € Iy.Hence

(p,0) : (Z,E,0,0%) = (@Xo”l'&lEa,T, 7'*)

is a continuous mapping in category [ FTSS and it is unique.
Now let us show that the operation of inverse limit is a functor in the category of IFTSS.
For this, we define limit of morphism of inverse systems. Let

(i’g) = <90 : A — A7 {(fowga) : ch(&) — Yd}&ej\)
be a morphism from the inverse system (3.1) to inverse system
X - <{Y6” Ed’ 77_5“ %;}EGK ’ {(p7 q)g/ : (Y@/a E&’a 77_5/7 ’7_;/) - (Y&a E&; '7_&7 ’7_;)} >
a<a

in the category of IFTSS.
For each r € I

(f.g) = (so A= A {(far 9a) (Ko@), Bota) Ty Tol) = (YmEafé’fgr)}aeQ

is a morphism of inverse system of soft bitopological spaces.This morphism induces contin-
uous mappings of inverse limit spaces as

i (77,g") ¢ (tmn (X By 72) — lim (Vi B 75) )
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i (/7. 97) ¢ (lan (Xo, B 7") = i (Vi By 7))

in the category of soft topological spaces. Hence for each r € I ILH ( /s gr) is continuous
mapping of soft bitopological spaces. Thus

i (£.9) + (Um (X, oo, 72) = m (Y, o 75.727)

is a continuous mapping of I F'TSS.

Inverse systems and their morphisms construct a category in I FT'SS. This category is
denoted as Inv(IFTSS).

Limit of inverse system (3.1) denoted as (X, E, 7,7%).

For each a € A (74, q0) : (X, E,7,7%) = (X4, Ea, Ta, T2) projection mapping are contin-
uous and

diagram is commutative.

Theorem 3.2. lim : Inv(IFTSS) — IFTSS is a functor.

Lemma 3.1. If (3, 5%) is a base of (X, E,7,7*) IFTSS, then for Vr € I,, (5", 5*") is base
of (X, E, 7", 7*") soft bitopology space.

Theorem 3.3. Let (X, E,7,7%) = l# m (X, Eu, Ta, 72), then family

(8,8) = {(Ta:4a) ™ (Fa, Ba) , (Tas 6a) ™ (Ga Ba) [ € A, (Fa, Ea) € 7o, (Ga,Ea) € 75 }
is base of soft topologies (T,7*).

Proof. Since (74, qa) @ (X, E,7,7%) = (X4, Ea, Ta, 7.) is a soft continuous mapping for
all @ € A, the sets of (5", 5*") are soft open sets, for each Vr € I,. If suffices to show that for
every soft open (H, FE) € (X, E, 7", 7*") and every soft point z, € (H, F), there exist ay € A
and

(FOCO7 EOCO) (GOCO7 EOCO) *T

Oéo ) ao

such that

Te € (7Ta07an)_1 (Fam an) (H E)v Le (7Ta07an)_1 (Gaoa an) C (H7 E)

Let (H, E) be an arbitrary soft open set in (X, E,7",7*") and z, = {2, } (H,E). By
the definition of soft subspace, there exists a soft open set (P, E) € [ (Xa, Eq, 15, 72") such

that (H,E) = (X, E, 7", 7)) (P, E). Thus, we have ay,as,...,q) € A and (F,,, E.,) €
7o (Ga;y Eo,) € 7.7 such that

e(poquq)_i (Fars Bay) NN (Pa> o)~ 11(F04k7E04k) (H,E),
€ Pors9a1) (Ganys Eay) )
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Since A is a directed set, there exists a ag € A such that ag = aq,...,ap = ai. Also,
since (pg?,qg?) (XQO,EQO, Toos O[0) (Xal,Eal, o, ,T*:) are soft continuous mappings for
all 1 <i <k,

k
) (#20,42°) " (Fays Bay) = (Fags Bao) » [) (020, 62°) ™ (Gays Ba,) = (Gags Bay)
i=1 =1

7T

are soft open sets in (Xay, Bags Tys T ) -

Since
(a0, aee) (20 ) = 220,220 € (Fug, Buy) s 720, € (Gagy Fu)
and
.I'e € (Trao7 qoco)_l (Foc()7 Eoco) 9 xe € (ﬂ-ao) an)_l (Ga07 an) 9
we have

— 1 —
(7.‘—0507 Q(lo (pal ) qaz ) (Fala al (Traw qOéz) ' (Faﬂ Eaz) =
= H(X E T T*T)ﬂ(pQNQaz) (Fa'L’ECVz) ?

1

(Ta qao)i (ng ) qu ) (Gu,y B ) (T Qai)il (Ga;» Eoy) =
= H(X EwTa’T;T)ﬂ(pOWQOu) (GaivEOci)'

Consequently, we obtain

— - k fo" ap) 1
Te € (7'('&0, Qa0> ! (Fam an) = (ﬂ-am qao) ' (Ol (p@(i)’ qa?) <Fai’ Eai)) -
(H (X E, TaaT;r>m(pa17Qal) (FOZNECH)) =

k

[T (Xa, Eay 0, 727) (n Do o) <Fai,Eai>)c
=1

H(X E, 1" T*r

) o

I
-

I
—

Definition 3.2. a) (f,¢): (X, E,7,7") — (Y, E', o, 0*) is open, if for V (F, E) € SS (X, F)

T E)<o((f,e)(FLE)), 79 (F.E)>0"((f,¢) (F E))
b) (f,e): (X, E,7,7") — (YE aa*) is closed, if for V (F, E) € SS (X, E)

T(F E) <o ((f,9) (F E))", 7 (F,E)" > 0" ((f,¢) (F, E))*

Lemma 3.2. Let (f, ) : (X, E, 7,7") — (Y, E' o, a*) be a mapping in the IFTS category.
a) (f, ) is an open mapping if and only if (f,¢) : (X, E, 7", 7) — (Y, El,a’”,a*’”) is an
open mapping in soft topology spaces for each r € I .
b) (f,¢) is a closed mapping if and only if (f,¢) : (X, E, 7", 7*") — (Y, El,ar,a*r) is a
closed mapping in soft topology spaces for each r € I .

Proof. a) Suppose (f,p) : (X, E,7,7") — (Y, FE',o, a*) is an open mapping. Then for
each (F.F) € (X,E), 7(F,E) < o(f(F,F)) and 7" (F,E) > o* (f (F,E)). Let us show
that (f,¢) : (X, E,7") — (Y,E’,o”) and (f,¢) : (X,E,77) = (Y, E’,a*”) are open for
each r € I,. For each (G,F) € 7", 7 (G, E) > r. We have o (f (G, E)) > 7(G,E) > r, ie.,
f(G,E) € o". For each (G,FE) € 7, 7" (G,E) <1 —7r. Then ¢*(f (G, E)) < 7" (G,E) <
1—r,ie., f(G,E) € o*.
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Conversely, assume the condition holds. Let us take arbitrary set (F, E) € (X, E). If
7(F,E) =0, then o (f (F,E)) >0, ie., o (f (F,E)) > 7(F, E). Similarly, if 7* (F, E) = 1,
then o* (f (F,F)) < 1, i.e,, 0" (f (F,E)) < 7 (F,E). This implies that (f, ) is an open
mapping.

Let 7(F,E) =1y > 0and 7 (F,E) = r; < 1, then (F,E) € 770 and (F, E) € 70",
Since (f,¢) : (X, E,77) — (Y, E',0™) and (f,¢) : (X,E,70")) = (Y, E',0*(1=)) are
open mappings, f (F,E) € ¢™ and f (F,E) € ¢*=™) hence o (f (F,E)) > ro = 7 (F, E),
o (f(F,E) <1—(1—-r)=r=7"(FF)ie., (f,¢) is an open mapping.

b)Let (f,¢) : (X, E,7,7") — (Y, E',o, 0*) be a closed mapping. Then for each
(FaE) = (X>E)> T(l_ (FvE)) < U(l_f<F>E)) and 7* (l_ <F>E)) > 0" (l_f(F7E))
are satisfied. Now let us show that (f,¢) : (X, E, 7", 7*") — (Y, E',ar,a*’”) is closed in
the soft topological spaces for each r € I,. For arbitrary two closed sets F' € (TT), and
F*e (), 7(L—F)>rand 7 (1— F*) <1 —r. To complete the proof, we only need
to check if 1 — f(F) € 0" and 1 — f(F*) € ¢*. Since o (1 —f(F)) > 71 —-F) > r,
(L= f(FN<T(1—F)<l—r f(F)e (") and f (F*) € (6*") ie., (f,¢) is a closed
mapping of soft topological spaces.

Conversely, let (f,¢) : (X, E, 7", 7)) — (Y, E/,UT,J*T) be closed mapping of soft topo-
logical spaces for each r € Iy. Let (F,F) € (X, E) be arbitrary set. If 7(1 — (F, E)) = ro
and 7 (1 — (F,E)) = r, then since (f,¢) : (X,E,7) — (Y,E',0™) and (f,¢) :
(X, E,7*(=m)) — (Y, E/,0*!=™)) are closed mappings, 1— f (F,E) € 0™ and 1 — f (F, E) €
=) Theno (1 — f(F,E)) >ro=7(1— (F,E),oc*(L—-f(F,E) <1—(1—71) =1 =
™ (1— (F,E)) ie., (f,¢) is a closed mapping.

Lemma 3.3. If (f,¢) : (X,E,7,7") — (Y, FE', o, c*) be an injective (surjective) mapping
in IFTS category, then (f,¢) : (X, E,7",7") — (Y, E',0",0"") is an injective (surjective)
mapping for each r € .

Theorem 3.4. Let

F= {p t N = A {(hgovg) X — YB}ﬁeA'} (3.8)

be a morphism of inverse systems in IF'T'S category. If (hg,vs) is an injective (surjective)
mapping for each N3 € N, then l&nF ; 1&1& — @X is also an injective (surjective)
mapping.

Proof. For each r € I,

Fr= {@ PN = A {(hsvs)” - (Xos), B o) Tots) = (Y&E/’U/S’UET)}%A'}

is a morphism of inverse systems of intuitionistic soft bitopological spaces. Since (hg,vs)" is
injective (surjective) mapping for each V3 € A/, Hm ™" is injective (surjective) intuitionistic
soft continuous mapping from |11, Theorem 2.1, Theorem 2.4]. Then @F : @X — l'glz
is injective (surjective) mapping.

Theorem 3.5. If inverse system in (3.1), (pg/, qg/) is an injective (surjective) mapping for
allaw € A, then (Ta, qo) = (X, E,7,7%) = (Xa, Ea, Ta, ) is an injective (surjective) mapping.

Proof. For the soft points z, = {22 } # yo = {yg,a} € (X, E, 7,7, let (Tays Qay) (Te) =
(Tays Goy ) (Yer). For o = ay, since (pg;,qg‘i) C(Xo, By T, 7)) — (Xal,Eal,Tal,Tc’:l) is an
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Oé,

injective mapping and (p2,q2) <xea/> =ad = y?/all = (2, q2") (y?/;/), we have xg‘;/ =
yea,'/. For an arbitrary o € A, since A is a directed set, there exists o € A such that

o = a, o = aq for all a,a;7 € A. Then Teh = yo' implies that e = yg,” . Hence
o e all
zl = (pg",qg") (a;‘é‘(i’//) = (pg"’qg”) (yg,:u) = yo s satisfied, i.e. x. = ye
Now we want to show that the soft mapping (Wal,qal) - (X,E 1,7t —
(Xal,Eal,ral,rgl) is a surjective soft mapping. Let rol € (Xal,Eal,Tal, Tous ) be an ar-

bitrary soft point. For o' > «i, we take xg‘/, = (pgll,qgl) ! (xal ) Then there ex-

Bal

ists @ € A such that o/ = o and o = o for all « € A. Hence we obtain soft
point zg = (pg',qg/) <x§/,> = (pg/,qg‘/) (pg,l,qgi)_l (x?(il) Now we want to show that

= {x } (X, E,7,7). We choose o/, & such that o/ > o, &/ = @ and & > o, & > o
for all a > a. Thus7

o o o o _ o o o o'\ ! aq
Le, = (pa 1 4o ) xea/ - (pa 1 4o ) (pcm qa1) xeal )
a

w3 = (0% .q2) (28,) = (02, ¢&) (0% a2) " (=2

Now we take o’ € A such that o/ = o/, o’ = &'. Then

oit, = (i) (eel,) = (wioat) (o) (a20,) = (vioat) () (522,
and
33221 = <p31>QS1> (ZE?Q/) = <p317qgl) <$?&,> .

Since the soft mappings (pg;, qff;) 5 (pg;, qg;) are bijective mappings, (pglll, qg‘;’) (xg‘/',,) =

7,

2 and (p%,q2)) (z® = (2% ) are obtained. Thus
e, pa 7qa eyl es! )
(rs" ") (220,) = (ps ) (i) (a2, ) = .
(s as") (220,) = (v a2) (p5s0) (22,) = ot

Hence(pS, ¢5) (22) = (2", ¢2") <x“” ) = 1, is obtained. Thus z, = {22 } € (X, E,7,77)

and (7Ta17 qOél) (Ie)

1"
1

/
)
9

Corollary 3.1. If in (3.1), (p2,¢%) : (Xo, B, Tar, 720) = (Xa, Ea, Ta, 777) is @ homeomor-

[e%

phism for all & € A, then (74, q,) : (X, E,7,7%) — (Xa, E., 7o, 7)) is @ homeomorphism.

Proof. By Theorem 3.5, (7,,q,) is a bijective and a soft continuous mapping. From
theorem 3.3, the family

{(Ta:80) ™" (Fa, Ea) , (Tas Ga) ™ (G, Bao) [a € A, (Fu, Bo) € 7,(Ga Ba) € 7" }

is a base of soft topology of (X, E,7,7%). Then since (74, ¢a) ((7?06,(104)71 (Fa,EB.)) =

(Far Ea) s (o, da) (Tay @a) ™ (Gay Ea)) = (Ga, Ea), (Ta, ga) is a soft open mapping, (ma, ga)
is a soft homeomorphism.
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Definition 3.3. Let (X, E,7,7*) be an IFTS. The space (X, E,7,7%) is called strong
Hausdorff space if and only if for soft points x. # y. and for each r € I there exist soft sets
(F,E),(G,FE) € SS(X, E) such that 2. € (F,F), yos € (G,FE) (F,E)((G,E) =  and
T(F,E), 7(G,E)>r; T (F,E), 7" (G,E) <1—r.

It is clear that if (X, E, 7, 7) is strong Hausdorff space, then for each r € I (X, E, 7", 7*")
soft bitopological space is Hausdorff space.

Definition 3.4. a) Let (X, E,7,7") be [FTS and (G, E) € (X, E) be a soft set. (G, FE) is
said to be smooth compact space if for each family of soft sets

(U,E) e {(F,E):7(F,E) >0, orr* (F,E) < 1}

which satisfies the condition

A ((G',Eme)v v <F,E><xe>)>p\fpen,

-Tee(XvE) (FvE)G(UvE)

there exists a finite subfamily (H, E) of (U, E') such that

z.€(X,E) (F,E)E(H,E)

A ((G’,E)(:pe)\/ V (F,E)(xe))>p.

If (G, E) =1, then the space (X, E, 7, 7*) is called smooth compact space.
b) If (G, E) is soft compact space in (X, E, 7", 7*") for each r € Iy, then (G, E) € (X, E)
is said to be strong smooth compact space.

Lemma 3.4. If the soft set (G, F) is smooth compact in IFT'S (X, E,7,7*), then the soft
set (G, E) is soft compact space in the soft topological space (X, E,7") and (X, E,7*") for
each r € I.

Proof. Let the soft set (G, E) be smooth compact in (X, E,7,7*). For each r € Iy, let
us consider (U, E') = {(F, E)} which are strong p-shading soft sets of (G, E) in (X, E,7*")
for Vp € I, i.e., the followi diti A G E) (x.)V v F,E)(x.) | >
or Vp € I, i.e., the following condition el ( ) (z¢) (F,E)E(U,E)( ) (x )) P
is satisfied. Since (U, E) = {(F, E)} is a family of soft open sets, 7* (F, E) < 1 — r for each
(F,E) € (U/E). Since r > 0, 7" (F,E) < 1 or 7 (F,E) > 0 are satisfied. Then by using
definition of smooth compact, it can be found a finite subfamily (H, E) of (U, E') such that

A G E)(x.) VvV v F,E)(xz.) | > p, ie., (H,E) is st -shadi f soft
el (( VE) (ze) (F,E)e(H,E)< ) (x )) p, ie., ( ) is strong p-shading of so
sets (G, E). Hence from [16], the soft set (G, E) is soft compact in the soft space (X, E, 7*").
Since 77 C 77, the soft set (G, F) is soft compact in the soft space (X, E,7"), too.

Theorem 3.6. If the inverse system
K = ({Xom Eom Tos T;}QGA ) {(pa Q)zl : (Xa’> Eo/7 Ta!y 7—;’) — (Xaa Eom Tos 7—;)} )
a<al

is smooth compact, strong Hausdorff in the category of IFTS and soft topologies (17, T.")

*

are given by supp, for each a € A, r € Iy, then @1 (Xo, Eo, Ta, T) is strong smooth compact
space.

Proof. From Definition 3.3, Definition 3.4 and Lemma 3.4, (X!, El 77 727) is in-

a) Tl

verse system of soft compact Hausdorff space for each r € Iy. From [7| Theorem 3.17,
Jim (XL, EN 78 727) is a soft compact space. Since Jim (X7, EL, 70, 7A7) is soft compact space

o) 'a) ' ('R e R ANe]

for each r € I, @1 (Xa, Eo, Ta, 7) is strong smooth compact space in the category of IF'T'S.
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4. Conclusion

In this paper, inverse systems in intuitionistic fuzzy soft topological spaces are introduced
and studied. It is proved that every inverse system has a unique limit, and the inverse limit
is a functor preserving injective and surjective morphisms. Moreover, the properties of soft
strong Hausdorffness and soft strong compactness are preserved under inverse limits.

These results extend the existing theory and provide new tools for studying uncertain
topological structures.
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