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About One Partial Mapping of Euclidean Space FEj5
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Abstract

In the domain ) C Ej5 consider a set of smooth lines such that through each point
X € Q there passes exactly one line w! from this set. The moving frame R is a Frenet
frame [1] associated with the line w® of the given set. The integral lines of the vector
fields ¢; form the Frenet net 35 [1]. There exists a point F§ on the tangent of the line
w? of the Frenet net. When the point X moves within the domain €, the point F32
describes out its domain Q2 in E5. The partial mapping is defined f3 : Q — Q3 such
that f2(X) = F2.

We consider the four-dimensional distributions Ay = (X, €}, s, €y, €5) and Al =
f32(A4). In the case where the Frenet is a cyclic Frenet net, the necessary and sufficient
conditions for the existence of quasi-double lines of the pair (A4, A}) of four-dimensional
distributions under the partial mapping f32 in the space Ej5 are proven.

Keywords: Euclidean space, partial mapping, cyclic Frenet net, pseudofocus, a quasi-
double line, distribution.
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1. Introduction

In the domain €2 C Ej5 consider a set of smooth lines such that through each point X € €2
there passes exactly one line from the given set. The moving frame R = (X, ¢;) (i,7,k = 1,5)
is the Frenet frame for the line w! of the given set of smooth lines. The derivation formula
for the frame R has the following form:

dX = w'e;, de = whe,. (1.1)
The forms w’, w¥ satisfy the structure equations of Euclidean space:
Dw' =wFAwl, Dwf=uwl A wf, w! +w! =0. (1.2)

Integral lines of the vector fields €; form the net X5 of Frenet [1] for the line w! of the
given set of lines. Since the frame R is constructed on tangents of the lines of the net X,
the forms w¥ are principal forms. In other words:

wh = Afjwj. (1.3)
Taking into account (1.3) from (1.2) we have:
If we differentiate equation (1.3) externally, then we have:

Duwl = dAl; Aw’ + Al Do’
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By using formula (1.2) we get:
Ak Ak i LAk A
w] Aw; = dAj; AW 4 Ajw" A wy.
Taking into account (1.3) from the last formula it follows that:

w] AAﬂw —dAfj/\w] Akwg/\w

or
Aﬂw Awh = dAfj Aw — Akwg AWt
From here, we find:
dAfj Aw — Afewf Aw — Aﬂw Aw'=0
or
<dAk Aww - Afj Z) A (.U] == 0
By using Cartan’s lemma |2|, we have:
k k — AR ™
dAij - AM AZ] i Azjm
or
dAf; = (AL, + ALAS, + ALAL Jw™. (1.5)

The system of variable {Af], Af]m} forms a geometric object of the second order. The

Frenet formulas for the line w! of the given set have the following form:

- 2 -
die1 = A11627
d.é. _Al - —l—Ad -
162 = 9161 21€3,
d163 = A31€2 + A31€4,

— 4 -
die5 = A51@47

and

A§1 = _Azlsl =Y, Aill - _Azlu =0, A?l = _A%1 = 0. (1-6)

Ag1 - _Agl =Y A§1 - _Ail =0, Agl - _A§1 =0. (1-7)

There ki = A2, kI = A3,, ki = A}, ki = A3, = —A2, — are the first, second, third and
fourth curvatures of the line w! respectively (where d; denotes the derivative along the line
wh).

A pseudofocus [3], [5] FY (where i # j) of the tangent of the line w! of X5 is defined by
the radius-vector:

Fl=X-—¢=X+-—¢, (1.8)
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There exist four pseudofocuses on each tangent (X, ¢€;):
on the straight line (X, &) — FZ, F}?, F}!, F};
on (X,é&) — F}, F3 Fy, FY;
on (X,é3) — F}, F2, F, F3;
on (X,é,) — F}, F2 F3 FY;
on (X,é5) — Fi, F2, F3, Fy.
The net X5 in Q C Fs is called a cycle net of Frenet [4] if the frames

iyil - (XJ €1,€2,€3,€4,€ 5)7

€1),

(X €3, 647 657 gl 52)7

A

%2 = (Xa €2, €3, €4, 657

(X 64765761762763 5

)
(X 657 617 627 637 64)

are Frenet frames for the lines w!, w?, w?, w*, w® of net Xs, respectively, simultaneously.

Let the net X5 be a Frenet cycle net [4], setting and solving the problem. We will denote
it by Y5. The pseudofocus Fy € (X, é3) is defined by the radius-vector:

?2 X- & 1.9

5 )

When the point X is moving in the domain Q C Fj, the pseudofocus F3 describes it’s

domain Q2 C Ej5. Thus, we defined the partial mapping f2 : Q — Q2 such that f3(X) = F2.

We will associate the moving frame R’ = (F?,¢)(i = 1,5), to the domain Q2% where the
vectors ¢ have the form [4], [7]:

- - A2, & C2 A
1=€1— 336+ e — pi e
0 = & — S92 €4

(/\232)2 /\24 ’
= — C4323 o A33 > .
3 = [1 + W €3 — AT3264’ (110)
2
- — C.
34 32
— 75 (& (&
4 A22 + (A§2)2 3 1 €4;

2. Setting and Solving the Problem

It is considered a pair of four dimensional distribution Ay = (X, €}, €5, €4, €5) and A} =
f2(Ay4). Let the line 6 belong to the distribution A4. Then the tangent vector of line

0 has a form 0 = 0'¢, + 626, + 0*¢, + 65¢5. We find the tangent vector g of the line

0= rf20): 0=0'e + 62 + 0%, + 6°e5. Taking into account formulas (1.10) from here we
find:

0 = 016+ (0" A+ 0+ 2 +-072) B+ (0 B +02 01 B +073) B+ (01 A+ 02 A +-01 1074 8, +-6785,

where ¢/ - is j-th coordinate of vectors é.
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Definition 2.1. If vectors é: Gj, XF33 belong to the distribution Ay = (X, €1, €3, €4, €5), then
the lines 0 and 6 are called quasi-double lines of the partial mapping fZ.

Since the vector ]4? = — €3 does not belong to the distribution A4, then lines § and 0
32

cannot be quasi-double lines of the partial mapping f3.

Definition 2.2. If the tangent of the line § at the point X and the tangent of the line
0 = f5(0) at the point F3 belong to the same four dimensional space (X, 1, €, €y, €), then
lines @ and 6 are called quasi-double lines of the pair (A (245, A/(12 45)) in the partial mapping
20— Q2

3. Main Results

From the condition 6,0 € (€}, €3, €4, €5) we have:

0'ct +0%c3 + 0*ci + 0°c2 = 0.

Taking into account formulas (1.10) from here we find:

910??21 + 920??22 + 940?324 + 95032.25 = 0. (3.1)
If the coordinates of the tangent vector § of the 6 satisfy the condition (3.1), the lines 0,0
are quasi-double of the pair (A5, A/(12 45)) of four dimensional distributions in the partial
mapping f3.
Than the following theorem is proven:

Theorem 3.1. Lines 0 C Aqa45) and 0 = f2(0) are quasi-double lines of the pair (Aq245), A’(1245))
of distribution in the partial mapping f3 if and only if when the coordinates of the tangent
vector 0 of the line 0 are satisfy the conditions (3.1).

Similar to the above, we consider the four dimensional distribution A(1345) = (X, €1, €3, €4, €5).
Then f3(Ausas)) = Alyzgs) = (F3, ¢, C5,¢1,05). Let v C Aiaas). The tangent vector of the
line v have a form:

Y =ya+( g+ gy e+ (v dHy G d) s+ (Y el ey 6 e+ s,

where ¢/ - is j-th coordinate of vectors é.
From the condition 7,7 € A(1345) it follows that:

Yt + 7 + 4t} + 95 = 0.

Taking into account formulas (1.10), we find:

CQ
’7103221 + 73 [1 + ASQSQ} + 7403?24 + 750:’325 = VU (3.2)
(A3)
If the coordinates of the tangent vector 4 of the ~ satisfy the condition (3.2), then the
lines y, 7 = fi(v) are quasi-double of the pair (Aq345), A’(1345)) in the partial mapping f2 in
Fuclidean space Es.

Thus, the following theorem is proven:
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Theorem 3.2. The lines v C Apsasy and 5 = f3(v) are quasi-double lines of the pair
(A345), A’(1345)) in the partial mapping fz if and only if the coordinates of the tangent vector
7 of the line v are satisfy the conditions (3.2).

Now, consider the lines that belong to three-dimensional distributions. Let £ C A5,
and let the tangent vector of the line £ be given by: ¢ = (1&, + (&, + (5&;. Then, under the
mapping f2(¢) = ¢ has a tangent vector U= 018 + (¢, + (°8;.

Using formulas (1.10), we obtain:

7= 0'e) + (0P + 00 + °R)ey + (01} + 02c) + 0°cd)es + (Urc] + e + Pcs)éy + Pés.

From the condition E_; ﬁj € A(145) We obtain:

0' + 04 + 05c2 = 0;
0'et + el + 05¢3 = 0.

It follows that:

2 2 2 2 2 2
P L R I B L O L
Al g a3 A
Using formulas (1.10), we obtain:
A2 AQ A2 AQ AQ AQ
VA e T PR s C R 1 L 34 (3.3)

2 2 2 2 2 2 :
C’324 C'325 C1325 C(321 C'321 C(324

If the coordinates of the tangent vector lof l C A (145 satisfy condition (3.3), then the

lines ¢, ¢ = f2() are quasi-double lines of the pair (A (45, A/(1 45)) in the partial mapping fZ.
Now, let the line d belong to the three-dimensional distribution Aa45). Then its tangent
vector d has the form: d = d2@, + d*é, + d°¢. The tangent vector d of the line d = f2(d)
has a form: d = d%@, + d*é, + d°és.
Using formulas (1.10), we obtain:

=

d = (d* + d*c3 + d°c2)éy + (d°c + d*c + d°cd)es + (dPcy + d* + d°c3)ey + d°és.
From the condition cf, j € A(ass) it follows that:

d*cy +d'c} + d°ci = 0.

Taking into account formula (1.10) we obtain:

If the coordinates of tangent vector d of d C A (245) satisfy condition (3.4), then the lines
d, d = f2(d) are quasi-double lines of the pair (Aus), A’(245)) in the partial mapping f2,
where Afyys) = f3(D ).

Let the line m belong to the three-dimensional distribution Asss). Then its tangent
vector 1 has the form: 7 = m3@; +m*€, +m>@. A tangent vector 7 of the line 7m = f2(m)
has the form: 7 = m3@ 4+ m*é, + m®e. Using formulas (1.10) we obtain:

m = (m*c? + m°c)éy + (m3c3 + micd + m°c)és + (mich + m* + mPc)é, + mPés.
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From the condition 7,7 € A(3y5) it follows that:
m*c; + m°c; = 0.
Taking into account formula (1.10) we obtain:
m*A3, +m°AZ; = 0. (3.5)

If the coordinates of the tangent vector 7 of m C Asss) satisfy condition (3.5), then the
lines m,m = f3(m) are quasi-double lines of the pair (A(4s), A’(345)) in the partial mapping
12, where Algys) = T3 (Agas))-

Now, let the line s belong to the three-dimensional distribution A93) = (X, €1, €3, €3).
Then its tangent vector § has the form: §= s'é; + s?€, + s°€3. The tangent vector 5 of the
line 5 = f2(s) has the form: § = s'¢; + s%¢, + s3¢. Using formulas (1.10) we obtain:

§=s'e)+ (s'cd + 5%)Ey + (s'c + s°ch + s%ch)és + (ste) + sy + sPc3)én.
From the condition §, 5 € A(123) it follows that:
stet + s%cy + s°c3 = 0.
Taking into account formula (1.10) we obtain:
s'Ag; + s7A%, + s°A3; = 0. (3.6)

If the coordinates of the tangent vector 5 of the s C A(1a3) satisfy condition (3.6), then
/

the lines s, 5 = f§(s) are quasi-double lines of the pair (A(123), A(ug)) in the partial mapping

f3, where A/(123) = f3(Aqz3)-
From the above it follows:

Theorem 3.3. a) The lines { C Aqus) and { = f(0) are quasi-double lines of the pair
(Aqas), A’(145)) in the partial mapping f2 if and only if the coordinates of the tangent vector

v of the line £ are satisfy the conditions (3.3);

b) The lines d C Apysy and d = f3(d) are quasi-double lines of the pair (A(245),A’(245))
in the partial mapping f3 if and only if the coordinates of the tangent vector d of the line d
are satisfy the conditions (3.4);

¢) The lines m C Ay and m = f3(m) are quasi-double lines of the pair (A(zss), Alzys))
in the partial mapping f2 if and only if the coordinates of the tangent vector m of the line
m satisfy conditions (3.5);

d) The lines s C Apaz) and s = f2(s) are quasi-double lines of the pair (A(23), Al1o3))
in the partial mapping f2 if and only if the coordinates of the tangent vector § of the line s
are satisfy conditions (3.6).

4. Conclusion

Pairs of three-dimensional distributions in the space Ej are considered.

Necessary and sufficient conditions are established for the lines belonging to a three-
dimensional distribution to be quasi-double lines of pairs of distributions under the pairwise
mapping of the Euclidean space FEs.
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