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Abstract

The article examines a parabolic-type partial differential equation. It is well known
that the phenomenon of heat transfer in physics is modeled by parabolic-type equa-
tions. Therefore, the problems of constructing solutions to such equations are of both
theoretical and practical interest. In our work there is considered the case of multiple
variables and equation of second order. The purpose of the work is to apply the method
of additional argument to parabolic-type equations. The Cauchy-Dirichlet problem is
investigated, and its unique solution is established. The obtained result is illustrated by
a concrete example. Similar results can be extended to other types of partial differential
equations.
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1. Introduction

The method of additional argument (MAA) has not yet gained widespread use for parabolic
equations. This method allows reducing partial differential equations to integral ones. How-
ever, it is not applicable to all partial differential equations. In some cases, the equation can
be transformed into a form suitable for applying this method. The method has been suc-
cessfully employed for various hyperbolic equations [1,3-10]. The application of this method
to parabolic equations with two variables was considered in the paper [2]. In this paper we
generalize the equation to the multidimensional case.

The MAA can also be regarded as a development of the method of characteristics. When
the partial differential equation is nonlinear, the application of this method yields good
results. In paper [5] a solution to a nonlinear partial differential equation was constructed
using this method.

The application of the MAA to systems of partial differential equations also yields good
results. For instance, in paper [1], a solution to a system of nonlinear equations was con-
structed. The application of the MAA to higher-order partial differential equations, as well
as results obtained for the case of multiple variables, can be found in [4,10].
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2. Formulation of the Problem

In the present work, the problem of solving a second-order parabolic-type partial differential
equation (PDE) with (n+1) independent variables using the method of additional argument
(MAA) is considered.

The PDE is considered in operator form:

D2[a1(t,$1), a2(tax2)7 s aan(t7xn)]u(taxla Lo, ... rxn) = f(ta T1,T2,... axn)a
(2.1)
(t,x1,29,...,2,)EQ2(T) ={0<t < T, x = (x1,22,...,2,)ER"},
where operator:
Dlwy,wa, ... ,wy| = 0/0t + w10/0x1 + ... + w,0/0xy,
the given functions a(t,z1), as(t, z2), ..., a,(t, x,), f(t,x1,.29,...,2,) are continuous and

bounded, and possess continuous and bounded partial derivatives by all their arguments.
In particular, if n = 2 | then equation (2.1) takes the form:

D?[a(t,x),b(t,y)|u(t, z,y) = uy + 20t + 2bugy, + 2abuyy, + a*uy, + b*uy,+

(2.2)
+(ay + aay)uy + (by + bby)u, = f(t,z,y).

The Cauch-Dirichlet problem is considered:
wu(zy, pr(r1,0,21), po(x1,0,29), ..., pp(x1,0,2,)) = V(21,20 . .., Ty), (2.3)
where py(s,t,x1),p2(s,t,22), ..., pa(s,t, x,) are the corresponding solutions of the following

integral equations:
t

pk(s7ta l'k) =Tk — /ak(y7pk(yvt7xk))dy7 k= 17 sy (24)
Since the given functions a;(t,x1),as(t, z3),...,a,(t,x,) are sufficiently smooth, that is,

together with their derivatives they belong to the space of continuous and bounded functions,
it follows from the theory of integral equations that the solution of the integral equation (2.4)
exists and is unique [5]. By applying differentiation to the integral equation (2.4), we obtain
the following equalities:

Opr(s,t,x) /0t + ay(t, xr)Opk(s, t, ) /0x, = 0, p(s,s,xp) =k, k=1,...,n.

3. Materials and Methods of Study

Theorem 3.1. Let the functions given in (2.1) and (2.3) be continuous and possess con-
tinuous and bounded partial derivatives up to and including the second order. Then the
Cauchy—Dirichlet problem (2.1), (2.3) has a unique solution.
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Proof. The solutions of equation (2.1) are obtained by reducing the order of the differential
equation using the method of additional argument (MAA):

Dlay(t, z1),as(t, x2), ..., an(t, x,)|u(t, x129, . .. ) = ©1(p1(0,t, 21), p2(0,t, z2), .. .,
¢

pn<07 ta xn)) + ff(V,p1<V,t,.fL'1),p2(V,t, T, ... 7pn(l/7ta$n>)d1/7 (31)
0

(t,z1, 29, ..., 2,)EQ(T).
We apply the MAA once again, now to equation (3.1):
U(t, L1T2, .- - I‘n) = Spl(pl(07 ta ]31),}72(0, t? $2), s 7pn<07 tv xn))t+

+902(p1(07 t’ wl)ap2(07 ta x?)a cee 7pn(07 t7 xn))+

t (3.2)

+f(t - V)f(V,pl(V,t,I1>,p2(V7t,I2, e 7pn(yat7'rn))dya
0

(t,x1, @, ..., x,)EQ2(T).

The function (3.2) is the general solution of equation (2.1). In the subsequent calculations,
we use the following equation, proved by A.Zh. Ashirbaeva [1]:

pi(Ta tapi(ta 97 x) = pi(Ta ‘97 x)> (T, t, 97 x)EQJS(T):

Qs(T)={(r,t,0,2)[0 <7 <t<O0<T, zeR}, i=1,...,n.
The p1(z1,x2,...,2,), p2(x1,22,...,z,) functions in (3.2) are arbitrary and we deter-
mine them using condition (2.3).
u(z1, pr(21,0,21), pa(r1,0,22), ., pu(1,0,2,)) =

= p1(p1(0, 21, p1(21,0,21)), p2(0, 21, pa(x1, 0, 22)), . . ., Pu(0, 21, P21, 0, 2,,)) ) ;s +

+ ©2(p1(0, 21, p1(x1,0, 1)), p2(0, 21, p2(1,0,22) ), . . ., pn (0, 1, pr (21,0, 2,,))) +

t

+ f(t - l/)f(l/,pl(l/,:L‘l,pl(Il,O,l‘l)),pg(V, xl,p2($1,0,$2)), s 7pn(Va xl,pn<l'1, 0,$n)))d7/
0

and we get:

z1
@1(33'1,1}2, s 7xn) + 902(1'17:627 . >$n)x1 + f(xl - l/)f(y7pl<1/7O7$1)7p2<1/707x2)7 LI
0
(1, 0,2,))dv = Y(xy, 29,y . .., Tp).

Let the arbitrary functions be equal to: ¢i(x1, 2o, ..., 2,) = wa(T1, 29, ..., 2,) =
= ¢(x1,x9,...,2,), and let 1 # —1, then we obtain:
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Sp(xlux%"'axn) = ﬁ[zpl(xlux%"wxn)_

. (3.3)

_f(l'l - V)f(l/,pl(y,0,1’1),p2(V70,(E2), s 7Pn(V70afEn))dV]-
0

By substituting (3.3) into (3.2), we obtain the solution to the Cauchy-Dirichlet problem
(2.1), (2.3). The theorem is proved. O

Let us consider the case of three independent variables and with coefficients equal to
unity:

U (t, 2, y) + 2w (T, 2, y) + 2wy (t, 2, y) + 2uqy (t, T, y) + Uz (t, 2, y)+

(3.4)
uyy(t,z,y) =t x-y
For equation (3.4), we write the solutions of equation (2.4):
pi(s,t,x) =2 —1t+s,
pa(s,ty) =y —t+s.
Equation (3.4) is considered with the condition:
uw(z,2z,y+x) =z +y, (3.5)

For equation (3.4), we apply the MAA twice consecutively and obtain the general solu-
tion in the form:

u(t,z,y) = er1(x —t,y — )t + a(x —t,y — t) +

+ Z(t —vv(z—t+v)(y—t+v)dy,

After integration, we obtain:

u(t,z,y) = e1(z =ty =)t + ooz —ty — 1) +
+E@—t)(y—t)+ G-t + Sy —t)+ L.

We determine the arbitrary functions from the boundary condition (3.4)
u(z, 2z, y + ) = e1(x,y)z + o2, y) + 12ty + F2° =7 +y,

Let: ¢1(z,y) = ¢a(z,y) = p(z,y).

Then ¢(z,y) = [v+y — 2ty — 22°]/(1 + ).

Consequently, the solution of the Cauchy-Dirichlet problem takes the form:
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3 4 4 5
@ -y -t+5@@x-0)+5@y—t)+ L.

The theorem on the existence and uniqueness of the solution to the Cauchy—Dirichlet
problem (2.1), (2.3) has been proved by the method of additional argument. A solution has
been constructed for the specific problem (3.4), (3.5).

4. Conclusion

The method of additional argument (MAA) has a number of advantages when constructing
solutions to partial differential equations. The method of characteristics allows one to obtain
a solution by reducing the equation to canonical form, whereas constructing a solution in
the nonlinear case presents considerable difficulties. The results obtained in the paper show
that the functions presented in equation (2.1) can be generalized to the case of n variables.
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